We construct modular spaces of 6-dimensional real semisimple Drinfeld doubles, i.e. the set of all possible decompositions of the Lie algebra of the Drinfeld double into Manin triples.
Introduction
The interest in dualities of field theories, especially the string theory, in the middle 90s has led to investigation of duality of σ-models and in this context to the discovery of a generalization of abelian and non-abelian T-duality, the so-called Poisson-Lie T-duality [1] , [2] , both on the classical and quantum level [3] , [4] . The crucial role in these considerations plays the notion of Manin triple and Drinfeld double.
Moreover also the knowledge of the modular spaces of Drinfeld doubles, i.e. the complete sets of their decompositions into different Manin triples, is of interest. Such modular spaces can be interpreted as spaces of σ-models mutually connected by Poisson-Lie T-duality (at least locally). Up to now only rather trivial examples of modular spaces are known.
In the present paper we investigate the modular spaces of six-dimensional semisimple Drinfeld doubles SL(2, R) × SL(2, R) and SO(1, 3) + .
Manin triples, Drinfeld doubles and their modular spaces
The Drinfeld double D is defined as a connected Lie group such that its Lie algebra D equipped by a symmetric ad-invariant nondegenerate bilinear form ., . can be decomposed into a pair of subalgebras G,G maximal isotropic w.r.t.
., . and D as a vector space is the direct sum of G andG. This ordered triple of algebras (D, G,G) is called Manin triple.
One can see that dimensions of the subalgebras are equal and that bases {X i }, {X i } in the subalgebras can be chosen so that
Due to the ad-invariance of ., . the algebraic structure of D is determined by the structure of maximal isotropic subalgebras; in the basis {X i }, {X i } the Lie product is given by
It is clear that to any Manin triple (D, G,G) one can construct the dual one by interchanging G ↔G, i.e. interchanging the structure coefficients f ij k ↔f ij k and such Manin triples give rise to the same Drinfeld double. On the other hand, it might be possible to decompose a given Drinfeld double into more than two 1 Such lists were given in [8] . The part of modular space M(D) corresponding to Manin triples isomorphic to (D, G i ,G i ) can then be written
where the pseudoorthogonal group O(n, n, R) consists of linear transformations leaving ., . invariant 2 and H i is the subgroup of transformations leaving the isotropic subalgebras G i ,G i invariant. By coset space we mean for concreteness the right coset space [a] = Ha. The whole modular space M(D) is the union of
Concerning the application to the σ-model duality, each decomposition of the algebra of the given Drinfeld double D into maximal isotropic subalgebras gives a pair of dual σ-models built on the Lie subgroups corresponding to these Lie subalgebras, their equations of motion can be deduced 3 from equations of motion defined originally on D without any reference to G,G. The transformations from Aut(D) O(n, n, R) give other pairs of σ-models whose equations of motion are also derived from the same eqs. of motion on D and in this sense all these models are T-dual. The pairs of σ-models whose Manin triples are connected by a transformation from H describe the same pair of models in different coordinates since the maximal isotropic subalgebras are the same, only their bases have changed. Note that since we have a transformation of the whole
2 Evidently the group of inner automorphisms 
If one compactifies the abelian group R 2n to the torus T 2n , e.g. in the directions of X i ,X i and chooses the diameters so that x ≃ y ⇔ ∃z ∈ Z 2n : x = y + z, then only elements of O(n, n, Z), i.e. matrices with integer entries preserving ., . , are automorphisms of the double as a Lie group since the points of the lattice of integers Z 2n must be mapped back to Z 2n . Similarly H ≃ GL(n, Z) and the modular space of
In the following we consider only the algebraic structure, the Drinfeld doubles as Lie groups can be obtained in principle by means of exponential map. All results can be transferred immediately to connected and simply connected Lie groups, the modular spaces of non-simply connected versions of Drinfeld doubles might be different.
3 Automorphisms of sl(2, R) and so (1, 3) In this section we briefly review the automorphisms of sl(2, C), sl(2, R) and so (1, 3) . We use the usual realization of the group SL(2, C):
and consider the basis of sl(2, C)
It is known that all automorphisms of sl(2, C) are inner (see e.g. [6] ), i.e. the map Ad : SL(2, C) → Aut(sl(2, C)) : Ad(g)X = gXg −1 is onto. In the basis (X i ) = (H, E + , E − ) we may write the matrix 4 of Ad(g), Ad(g)X i = Ad(g) ij X j :
The map Ad is not 1 − 1, since Ker Ad = {1, −1} (after denoting the group unit by 1). Therefore we have
Concerning the group of automorphisms of sl(2, R), it is clear that it can be considered as a 3 × 3 matrix group consisting of elements of Aut(sl(2, C)) with only real entries (since after complexification we must have an automorphism of Aut(sl(2, C))). This in turn leads to condition on parameters a, b, c, d: they must be all real or all purely imaginary. The matrices with real parameters form the group of inner automorphisms SL(2, R)/{1, −1}. The matrices with all parameters purely imaginary correspond to outer automorphisms and can be obtained by multiplication of the inner ones by the matrix
Therefore the group of automorphisms of sl(2, R) is
The automorphisms of so(1, 3) are known (see e.g. [7] ) to be either inner (in 1 − 1 correspondence with elements of SO(1, 3) + ) or correspond to composition of an element of SO(1, 3) + and the space inversion P .
Modular spaces of Drinfeld doubles with the
Lie algebra sl(2, R) ⊕ sl(2, R)
It is known (see [8] ) that there are two classes of non-isomorphic Drinfeld doubles with the Lie algebra sl(2, R) ⊕ sl(2, R)
1. 2-parameter class of Drinfeld doubles whose bilinear invariant form is
2 , a > 1 and the parameter b ∈ R − {0} corresponds to rescaling of ., . . This Drinfeld double can be decomposed only into Manin triples isomorphic to
and its dual.
2. 1-parameter class of Drinfeld doubles whose bilinear invariant form is ., .
e. b > 0) corresponds to rescaling of ., . . Any such Drinfeld double possesses decompositions into four non-isomorphic Manin triples, namely
and their duals.
In order to identify all possibilities how a given Manin triple can be contained in the given Drinfeld double, i.e. in how many ways one may decompose the Lie algebra of the given Drinfeld double into a pair of maximal isotropic subalgebras G ′ ,G ′ isomorphic as Lie algebras to given G,G we firstly realize that the doubles considered have 2 significant subalgebras, namely the simple components sl(2, R)
1 , sl(2, R) 2 . These of course don't depend on the choice of G,G. Therefore we firstly find a transformation T from the original dual basis of the Manin triple (D, G,G) (X(j)) j=1...6 = (X 1 , . . . ,X
3 ) to the bases of sl(2, R)
Of course, the bases of sl(2, R) are defined only up to automorphisms of sl(2, R), so we just fix one possible T . Applying the same transformation T on any dual bases of any possible maximal isotropic subalgebras G ′ ,G ′ we find again bases of sl(2, R) 1 , resp. sl(2, R) 2 satisfying the same commutation relations. It follows that any decomposition of D into G ′ ,G ′ can be obtained by application of the map T −1 AT on G,G where A is an automorphism of sl(2, R) ⊕ sl(2, R), i.e. it has in the basis Y (j) the matrix
, αδ−βγ = κν−λµ = 1 (The transformationT −1 ΩAT where Ω interchanges sl(2, R) 1 and sl(2, R) 2 is not allowed since it changes the bilinear form ., . .) The set of all pairs of maximal isotropic subalgebras G ′ ,G ′ coincides with Aut(sl(2, R))⊕Aut(sl(2, R))/H. In the following subsections we investigate the subgroups H for different Drinfeld doubles and Manin triples. We don't consider separately the Manin triple and its dual, because there is a 1 − 1 correspondence between them, one just interchanges G ↔G.
The 2-parameter class
In this case
In order to find H we compute T −1 (6a|6 1/a .i|b) AT (6a|6 1/a .i|b) and impose the condition that it is block diagonal, i.e. leaves the isotropic subalgebras G,G invariant. We find that β = γ = λ = µ = 0, δ = 1/α, ν = 1/κ; α, κ might be real (inner automorphisms) or purely imaginary (outer automorphisms), their signs are irrelevant. Therefore we have H = ({1, S} × R + ) × ({1, S} × R + ) and finally we find that the modular space M(D) consists of two components (corresponding to Manin triples with G = 6 a andG = 6 1/a resp. G = 6 1/a andG = 6 a ), each isomorphic to the homogeneous space 
The 1-parameter class
By the same argument as above we find that H consists of matrices T −1
Imposing these conditions the matrices T −1 (8|5.i|b) AT (8|5.i|b) depend only on α 2 which may be real or purely imaginary, i.e. H ≃ ({1, S} × R + ) and we obtain that this part of modular space is isomorphic to
In the whole modular space M(D) it will again appear twice because of possible interchange of isotropic subalgebras. Secondly we study the possible decompositions of the Drinfeld double into the Manin triple (6 0 |5.iii|b). The matrix T is 
H consists of transformations with β = γ = λ = µ = 0, δ = 1/α, ν = 1/κ, α, κ again might be real or purely imaginary, i.e. H = ({1, S}×R + )×({1, S}×R + )) and this part of modular space is, as in the 2-parameter class, isomorphic to
The whole modular space then consists of four pieces, two isomorphic to M(D) (8|5.i|b) and two to M(D) (60|5.iii|b) .
Modular spaces of Drinfeld doubles with the
Lie algebra so(1, 3)
It is known (see [8] ) that there are two classes of non-isomorphic Drinfeld doubles with the Lie algebra so(1, 3). For our considerations it seems appropriate to consider also its complexification so(1,
Then we have 1. 2-parameter class of Drinfeld doubles whose bilinear invariant form is in complexification ., .
forms of simple components, a ≥ 1 and the parameter b ∈ R − {0} corresponds to rescaling of ., . . This Drinfeld double can be decomposed only into Manin triples isomorphic to
2. 1-parameter class of Drinfeld doubles whose bilinear invariant form is in complexification ., .
, the parameter b ∈ R + corresponds to rescaling of ., . . Any such Drinfeld double possesses decompositions into six non-isomorphic Manin triples, namely
Concerning the group of automorphisms of these Drinfeld doubles, one may easily check that the space inversion P , which in so(1, 3) C interchanges the bases of sl(2, C) 1 and sl(2, C) 2 , i.e. P (Y (j)) = Y (j ± 3), in both cases changes ., . .
5
In order to find the subgroups leaving the Manin triples invariant we proceed similarly to the case sl(2, R) ⊕ sl(2, R); the difference is that we have to use the complexification of so (1, 3) , perform all computations, and at the end restrict the possible transformation to those with only real entries. In this way we find 1. in the case of the 2-parameter class the transformation to the bases of so(1,
As before we look for the subgroup H of transformations leaving the Manin triple invariant and find β = γ = λ = µ = 0, δ = 1/α, ν = 1/κ, together with reality conditions α 2 + κ 2 , i(α 2 − κ 2 ) ∈ R; the elements of T −1 AT depend only on α 2 and κ 2 . Therefore one may write α 2 = exp(ψ+iφ), κ 2 = exp(ψ − iφ) and identify the subgroup H with the commutative group of rotations and boosts along the same axis
if a = 1 (the self-dual case G ≃G) and consists of two such components if a > 1.
2. in the case of the 1-parameter class the transformations to the bases of so(1, 3) C = sl(2, C) 1 ⊕ sl(2, C) 2 are respectively 
The subgroup H is determined for the Manin triples (9|5|b) and (8|5.ii|b) by the conditions β = γ = λ = µ = 0, δ = 1/α, ν = 1/κ, α 2 = 1/κ 2 together with reality conditions α 2 + κ 2 , i(α 2 − κ 2 ) ∈ R and the elements of T −1 AT depend only on α 2 and κ 2 . Therefore we arrive after solving the conditions to only one parameter α ∈ C s.t. |α| 2 = 1. Such subgroup H is evidently isomorphic to U (1). Concerning the Manin triple (7 0 |5.ii|b), H is in this case given by the same conditions as in the 2-parameter class, i.e. H = U (1) × R + .
The whole modular space then consists of six pieces, four (⇐ Manin triples (9|5|b),(8|5.ii|b) and their duals) of them are isomorphic to
and two (⇐ Manin triple (7 0 |5.ii|b) and its dual) are isomorphic to
Remark: The Manin triple (7 0 |5.ii|b) can be viewed as a contraction of (8|5.ii|b).
If one puts
, then for ǫ > 0 Zs form another pair of dual bases of (8|5.ii|b) and for ǫ = 0 one obtains the commutation relations of (7 0 |5.ii|b). One may be therefore tempted to consider Similar computation can be done also for Manin triples (7 0 |5.ii|b) and (8|5.ii|b), resp. (6 0 |5.iii|b and (8|5.i|b). This seems to indicate that the parts of the modular spaces corresponding to non-isomorphic Manin triples are disconnected.
Conclusions
We have presented four examples of modular spaces of Drinfeld doubles. These are rather different from the known abelian one, mainly Aut(D) O(d, d, R) is in these cases (almost) the group of inner automorphisms In(D), whereas in the abelian case In(D) = {1}. In this sense they represent other extremal cases of modular spaces.
The method we have used can be applied also to non-semisimple Drinfeld doubles, especially if they contain some distinct subalgebras invariant w.r.t. automorphisms (e.g. the double SL(2, R) ⊗ R 3 ) and one can therefore easily find the group of automorphisms. On the other hand there are Drinfeld doubles (e.g. two classes of doubles with D = sl(2) ⊲ R 3 or some solvable ones) arising from quite a large number of non-isomorphic Manin triples and the structure of modular spaces would be in these cases even more complicated.
We should also mention again that we have assumed that the Drinfeld double is simply connected. Therefore all automorphisms of Lie algebra could be raised to automorphisms of Lie group. This may not be true for not simply-connected doubles, e.g. if one factorizes the abelian double to the torus. 6 One may also assume that if one considers dualities in quantum theories, only discrete subsets of the presented modular spaces might be relevant.
